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In this paper it is shown that it is impossible to dissect a rectangle into three 
congruent pieces unless those pieces are also rectangles. © 1994 Academic Press, Inc. 
Problem 875 in the problem-solving magazine Crux Mathematicorum 
was to decide whether or not a square could be dissected into three 
congruent but non-rectangular pieces. In the September 1991 issue 
a solution in the negative was published [1]. This paper extends 
that result to the more general problem of whether a rectangle can be 
dissected into three congruent non-rectangular pieces. This also generalizes 
the result of Stewart and Wormstein that there is no polyomino of 
order 3 [2]. 
THEOREM. I f  a rectangle is dissected into three congruent pieces then 
those pieces must themselves be rectangles. Further, the dissection must be in 
one of the forms shown in Fig. 1, the second being possible only when the 
length and width of the rectangle have a ratio of 3:2. 
Let the rectangle ABCD be cut into three congruent pieces P1, P2, and 
P3-  Here we assume that our "pieces" contain their boundaries, and there- 
fore that two pieces are allowed to overlap on their boundaries but not 
elsewhere. We must also assume that the pieces are connected, and 
moreover that they contain no "isthmuses" or "tails;" otherwise it is easy 
to find counterexamples, a  suggested by Fig. 2. (A rigorous formulation of 
these assumptions may be found in the Appendix.) 
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FIGURE 
The effect of these assumptions i that we take the pieces to have the 
following properties: 
(1) If a piece contains a vertex of the rectangle but does not contain 
at least part of both edges at that vertex, then some other piece must also 
contain that vertex; 
(2) Between any two points X and Y of a piece P there is a curve 
(called an incurve in P between X and Y) with X and Y as endpoints uch 
that all points of the curve other than X and Y are interior points of P. An 
incurve of one piece cannot intersect another piece except possibly at its 
endpoints. 
Since the pieces are congruent it must be possible through some 
combination of translation, rotation, and reflection to place one piece 
FIGURE 2 
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on another. This takes each curve in the first piece to some curve in the 
second; we say that these two curves correspond. Let iXYj- and iXj stand for 
the line segment in Pi corresponding to the segment XY in Pj and the point 
in P~ corresponding to X in Pj, respectively. 
Let IXYI denote the length of the line segment XY. 
In accordance with the diagrams, horizontal means parallel to AB, 
vertical means parallel to BC, oblique means neither vertical nor horizontal, 
above means closer to AB, below means closer to CD, right means nearer 
BC, and left means nearer AD. 
We now give a series of lemmas which we use to prove the result. 
LEMMA 1. The intersection of a piece with a side of the rectangle is a 
connected segment of which no point other than possibly the endpoints is in 
either of the other pieces. 
Proof Suppose for a contradiction that one of the pieces, say P1, has 
two points E and F on one of the sides of the rectangle such that there is 
a point G on EF in P2, say. Let c be an incurve in P1 between E and F. 
If there is some point H in P2 on the other side of c from G, then an 
incurve in P2 between G and H must intersect e at a point which is neither 
G nor H; this contradicts (2), so H cannot exist. Thus P2 is enclosed by c 
and EF. But then the convex hull of P~ is larger than the convex hull 
of P2, which contradicts P1 and P2 being congruent. | 
LEz~ 2. No piece contains two opposite corners of the rectangle. 
Proof Suppose that, for instance, Pa contains A and C. Then clearly P2 
and P3 must each also contain opposite corners of the rectangle. If P2 
contains B and D, then there is a incurve in P~ between A and C and 
one in P2 between B and D. These must intersect, but they do not have a 
common endpoint, which contradicts (2). Thus P2 and likewise P3 must 
contain A and C. 
Now some piece, say P1, contains B. Then P2 must contain a point at 
distance IABI from either A or C and at distance IBCI from C or A, and 
P3 must contain a point satisfying similar conditions. But B and D are the 
only such points, so two of the pieces, say P1 and P2, contain, say, B. By 
Lemma 1 both P1 and P2 contain BC, which contradicts Lemma 1. | 
Now one of the three pieces, say P1, contains at least two corners of the 
rectangle, and by Lemma 2 these corners must be adjacent, say A and B. 
By Lemma 1 P1 contains the entire side AB. Let $2 and $3 stand for 2AB~ 
and 3AB1, respectively. It follows that 
(3) P2 is contained in the area enclosed by $2 and two rays with 
endpoints at the ends of $2 and which are perpendicular to $2; and 
likewise for P3 and $3 (see Fig. 3). 
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LEMMA 3. Neither P2 nor P3 can contain BC or AD. 
Proof Suppose instead that P2 contains BC. 
First suppose that $2 is not vertical. $2 cannot be horizontal because by 
(3) it would have to be either AB or CD, either of which contradicts 
Lemma 2. Thus, $2 must be oblique with either B or C as one of its 
endpoints. There are now four cases: 
(a) B is an endpoint and is 2A1. Let E be 1C2. The angle between EA 
and AB is equal to that between $2 and BC, so $2 and AE are per- 
pendicular, and if they are extended sufficiently they intersect at some point 
F and form a right triangle ABF with hypotenuse AB. Since IS2[ = IABI, F 
is strictly between the endpoints of $2. Let G be the other endpoint of $2. 
If G lies on CD then P2 must be a right triangle, which is impossible 
(P3 would be the quadrilateral ADGF). Then let H be the foot of the per- 
pendicular from G to BC. Since G is not on CD, H must be strictly between 
B and C. Also, ABHG and AAFB are congruent (they have equal angles 
and their hypotenuses have equal length), so IAEI = IBCI > IBHI = IAFI, 
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and F is between A and E. But then 8 2 and AE intersect, which is 
impossible. Thus, (a) is impossible. (See Fig. 4a.) 
(b) C is an endpoint and is 2A1. Since $2 is oblique, P2 contains no 
point on CD other than C. By Lemma 2 P1 does not contain C, so P3 
contains C. Likewise it must contain A, which contradicts Lemma 2. Thus 
(b) is impossible. 
(c) C is an endpoint and is 291 . The argument here is essentially the 
same as that in (a). 
(d) B is an endpoint and is 291 . Let E be 2A 1 and F be aC2. Since 
/ FBA =/EBC and the two add up to 90 °, each is 45 °. Then the angle 
between $3 and 3BC2 is 45 °. 
Now P3 must contain D, since by Lemma 2 neither of the other pieces 
can, so by (1) and (3) $3 must be sloping down to the right or either verti- 
cal or horizontal with D as an endpoint. The same may be said about 
3BC2, and since the two are at 45 °, they cannot both be sloping down to 
the right, so one must be vertical or horizontal. $3 cannot be horizontal 
since then 39C2 would intersect 1BC2 (see Fig. 4b), which is impossible. 
Similarly, 3BC2 cannot be vertical. $3 cannot be vertical since if IABI > 
IBCI then one end of $3 lies outside the rectangle, if [BCI >~ IABI >1 
]BC]/x/~ then 3BC2 and 19C2 intersect, and if lAB] < ]Bf[/x//2 then F lies 
outside the rectangle. Similarly 39C2 cannot be horizontal, so (d) is 
impossible. 
Thus, $2 must be vertical. If the rectangle is not square then this is 
impossible ither by (3) (if lAB] < ]BC]) or by $2 having to be contained 
in the rectangle (if lAB[ > ]BC]). So suppose that the rectangle is square 
and that $2 is vertical. By Lemma 1 it must be BC or AD, and by Lemma 2 
it is not AD, so it must be BC. Then P2 must be either the reflection of P1 
through BD or the rotation of P1 through 90 ° about the centre of the 
square. 
In the former case, P3 must be symmetric across BD, so P2 must also be 
symmetric through some axis. Since the reflection cannot ake BC outside 
the square, the axis must be (i) AC, (ii) the perpendicular bisector of BC, 
(iii) a vertical ine, or (iv) a line through either B or C which makes an 
angle of less then 45 ° with BC. 
If (i), then P2 contains B and D, contradicting Lemma 2. If (ii), then no 
point on CD other than C can be in P2 (by the reflection P2 would contain 
some point of AB other than B, contradicting Lemma 1). By Lemma 2 C 
is not in P, ,  so it is in P3 by (1). By symmetry, A must also be in P3, 
which contradicts Lemma 2. If (iii), the reflection takes B to some other 
point on AB, which contradicts Lemma 1 (or Lemma 2 if it takes B to A). 
If (iv) and the axis is through B, then we may treat the reflection of BC 
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through the axis as $2, and the result follows as in (d) above. If the axis 
is through C then P2 contains no point on CD other than C, and the result 
follows as in (ii). 
Therefore P2 is not a reflection of P1. 
Finally, if P2 is a rotation of P1 then P1 cannot contain any point in AD 
other than A, since by the rotation P2 would contain some point in AB 
other than B which would also be in P1, contrary to Lemma 1. P2 cannot 
contain A and so A is in P3 by (1). Likewise C is also in P3, which 
contradicts Lemma 2. | 
LEMMA 4. P2(P3) cannot contain CD unless $2($3) is either vertical or 
horizontal 
Proof Suppose that P2 contains CD but $2 is oblique. Then by (3) $2 
must have either C or D as an endpoint; for definiteness suppose C. Then 
P2 contains no point of BC other than C and by Lemma 2 P1 does not 
contain C, so P3 contains C. C cannot be 2A1 since P1 would contain no 
point of AD other than A, and by (1) either P2 or P3 would contain A and 
C, contrary to Lemma 2. Then C is 2B1 and so neither P1 nor P2 contains 
a point on BC other than B or C, and therefore P3 contains all of BC, 
which contradicts Lemma 3. | 
LEMMA 5. I f  $2($3) is on BC with C as an endpoint then $3($2) is 
vertical or horizontal 
Proof Suppose instead that 8 2 is on BC with C as an endpoint but that 
$3 is oblique. Let CE be $2. By Lemma 3 we may assume that E is not B. 
Let FG be $3 with G above F, and let H be the point such that AH is the 
part of AD in P~. 
First suppose that P3 does not contain more than isolated points of the 
boundary of the rectangle. Then P2 must contain CD and DH. Let 
x = IBE[. BE cannot be 1CD2 so AH must be 1CD2 and [DH[ = x. But we 
can show that one of F, G, 3E~, 3H1, and 3//2 must lie outside the 
rectangle or on AB or CD (which contradicts Lemma 1). For instance, if 
$3, 3CD2, and 3DH 2 are situated as in Fig. 5a with 3CD2 making an angle 
of 0 ~< 45 ° with the horizontal, then the horizontal component of the 
segment between 3C2 and 3H2 is h = ]CD[ cos 0 + x sin 0 and the vertical 
component of the segment between 3D2 and 3E2 is V = [CD] (cos 0-1-sin 0). 
If x>]CDI  (1 -cos0) /s in0  then h>[CDJ, so one of 3C2 and 3//2 lies 
outside the rectangle. If instead x ~< [CDI (1 - cos 0)/sin 0, then v f> J CD[ + x, 
which means that one of 3D2 and 3E2 either lies on AB or CD or lies 
outside the rectangle. Thus we cannot have 0 ~< 45 °. Similar arguments hold 
for other orientations, so we conclude that this case is impossible. 
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Then P3 contains ome segment on the boundary of the rectangle. If the 
segment is on CD then P3 must also contain some segment of AD; by 
Lemma 2 Pa cannot contain D, and if P2 contained D then it would 
contain all of CD, so by Lemma 1 P3 could not contain any part of it, 
contrary to assumption. By Lemma 1 the segment cannot be on AB. If the 
segment is on BC then we can rotate the rectangle 180 ° and argue with P1 
and P2 interchanged (and relabelling the points suitably). Thus, we may 
assume that P3 contains a segement on AD, and so by (3) F must be to the 
right of G as well as below it. 
Note that since $3 is oblique, P3 cannot contain more than one point of 
BC, so E must be in both P1 and P2. Also, $3 cannot lie on the boundary 
of the rectangle xcept possibly for one endpoint, so it must lie on the 
boundary of either P1 or P2, or possibly part in each. 
If G lies in Pt and is 3A1 then let I be 3H1 and J be 3G1 . Then the part 
of the boundary of P1 from H to I corresponds to the part of the boundary 
of P3 from I to H, and so HJ is 3IG1. But the angle at G in Pa is reflex 
while there cannot be a reflex angle in P3 at J. Thus, G cannot lie in Pa 
and be 3Aa. Similarly, F cannot lie in P2 and be 3C2. 
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Now suppose $3 lies entirely in P~, so F must be 3A1 . The angle 3FG1 
makes with FG (when both are sufficiently extended) must be equal to that 
between FG and AB, so 3FG1 must be horizontal, and 3F~ lies outside the 
rectangle (see Fig. 5b). This is impossible, so $3 cannot lie entirely in P1- 
Similarly $3 cannot lie entirely in P2- 
Then $3 must lie partly in P~ and partly in P2 with F in P2 being 3E2 
and G in P1 being 3B1 . Then E is 2A1 and P2 is a rotation of PI through 
90 °. D cannot be in P2 because if it were then F(3E2) , G(3E2), and 3D2 
would form an isosceles right triangle whose horizontal component would 
be greater than I CDI, an impossibility. Thus D cannot be in P2, so it must 
be solely in P3. Then 2Ea must lie strictly between C and D and it must 
be in P3 as well as P2, so F must be to the right of it. By congruence of 
P1 and P2 there is some point above E which is not solely in P1 (namely 
1F2), and by (3) this point cannot be in P2, so it must be in P3. By (3) G 
must be the point closest o AB not solely in P1. 
Let K be 2G1, so Kis the unique point closest o CE which is not solely 
in P2. Let L be the point on FG such that GL is the part of FG in P1. Let 
M be 2L1 and let N be 3H~. Let O be 2El . Then KM is parallel to and to 
the right of (or is) FN, and FN extended must intersect CO (by (3) and 
since P3 contains O), so KM extended must intersect CO. However, GL 
extended oes not intersect BE (since GL extended passes through F, 
which is below E), which is ~C02, contradicting congruence. (See Fig. 5c.) 
Thus, $3 cannot be partly in P1 and partly in P2, either. | 
LEMMA 6. I f  neither P2 nor P3 contains a side of the rectangle then $2 
and $3 are vertical 
Proof To obtain a contradiction suppose that neither P2 nor P3 
contains a side of the rectangle and $2 is not vertical. By Lemma 2 
P1 contains neither C nor D, and neither P2 nor P3 contains both, so 
one, say P2, contains C while the other (P3) contains D. $3 cannot lie on 
AD since by (3) it would have to have D as an endpoint, contrary 
to Lemma 5, and by hypothesis $3 does not lie on CD since it would 
have to be CD. Therefore, neither $2 nor $3 lies on the boundary of the 
rectangle. 
Now $2 is not horizontal because if it were then P1 would be a rectangle 
and so P2 could not contain C without D. So one end of $2, call it E, is 
above the other, call it F. By (3) $2 must be to the left of E since P2 
contains part of BC. Note that C is the point of P2 furthest from $2 and 
moreover it is the only point of P2 at that distance. Similarly D must be 
at maximum distance from $3, so D is 3 C2. Then P2 is either a reflection 
of P3 through the perpendicular bisector of CD or a rotation of P3 through 
90 °. Also there is one point of P1 at maximum distance from AB and so 
582a/66/1-4 
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Pa cannot contain more than one point of CD, so P2 and P3 must have a 
common point G on CD. By (3) F must be to the left of G. 
If it is a reflection then no interior point of P2 (or of P3) can be on the 
perpendicular bisector of CD since it would belong to both pieces. But 
there is an incurve from F to C in P2, and since F is left of G this curve 
must cross the bisector. This is impossible, so P2 is not a reflection of P3. 
Then P2 must be a rotation of P3 through 90 °. Let H and I be 3 E2 and 
3F2, respectively (so HI is $3). Then H is right of G, and F left of G. Now 
there is an incurve Cl in P3 between H and D and one c2 in P2 between F
and C. ca cannot go directly below F while c2 goes directly below H since 
they would intersect at a point interior to both P2 and P3. Thus Cl, say, 
passes above E (see Fig. 6a). 
Now by (3) and G being in both P2 and P3 and ca passing above E, $2 
must be contained in the convex hull of P3. Thus F is more than [ABI 
away from $3, and if J is the corresponding point in the convex hull of P2 
then J must be more than lAB] away from $2. If K is the intersection of 
$3 with the extension of $2, then let x = [HK[. Let L be 2K3, so JELl = x 
(see Fig. 6b). But then the horizontal component of HF is ha = x cos 0 + 
[FK[ sin 0 and that of FJ is h 2 = ([ABI -x )  sin 0 + [JL] cos 0, where 0 is the 
angle between $3 and CD. Using the fact that IFK[ = ]JLI > lAB], we see 
that if hi<lAB[ then x<lABl(1-sinO)/cosO. But then h2>IABI 
(1 -- (1 -- sin 0)/cos 0) sin 0 + lAB[ cos 0 > [AB[. Thus, one of ha and h2 is 
greater than [AB[, so one of H, F, and J lies outside the rectangle, which 
is impossible. Thus P2 is not a rotation of P3 either. | 
We now come to the actual proof of the theorem. 
Suppose that $2 and $3 are vertical (note that we must have 
IBCI > ]ABI ) but that neither P2 nor P3 contains a side of the rectangle. As 
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in Lemma 6 we may assume that P2 contains C and P3 contains D. Note 
that P1 contains no point on CD since the corresponding point in P2 
would be outside the rectangle. There are four possibilities, each of which 
gives the second dissection from Fig. 1: 
(a) $2 has C as an endpoint and $3 has D as an endpoint. 
Let DE be $3 and CF be $2. Then P1 contains both AE and BF, and 
IAE[ = [BF[. Then the perpendiculars to BC and AD at E and F in P2 and 
P3 (each corresponding to one of AE and BF in P1) cover EF since they 
must be the same lengths as the perpendiculars to BC and AD at C and 
D, and those cover CD. But then P2 and P3 together form a rectangle, so 
P1 is a rectangle, and we have rectangular dissection. 
(b) $2 has C as an endpoint and $3 does not have D as endpoint. 
Clearly S 3 must lie on the perpendicular bisector of CD. P3 is then either 
a translation of P2 or a translation with a reflection through ahorizontal axis. 
In the latter case P3 is a rectangle, and so we get a rectangular dissection. 
So suppose P3 is simply a translation of P~. Let E be the endpoint of $3 
not on CD (note that E must be in P1). If E is one of the points in P1 
furthest from AB, then P1 is a rectangle (it contains no point below E but 
it must contain all the points above E), so we have rectangular dissection. 
Otherwise the set of points in Pa furthest from AB will be disconnected 
with E separating them (there will be one set on the boundary with P3 and 
a matching set on the boundary with P2), which contradicts the 
congruence of PI and P3 since the set of points in P3 furthest from $3 lie 
on AD and by Lemma 1 they form a connected set. 
(c) $2 does not have C as an endpoint and $3 has D as an endpoint. 
The argument here is similar to that in (b). 
(d) $2 does not have C as an endpoint and $3 does not have D as 
an endpoint. 
P3 is either a reflection or a rotation of P2; if a rotation, then P3 must 
be a rectangle and the result follows; if a reflection then the intersections 
of P1 with AD and BC must have the same length and the result follows 
similar to (a). 
Now by Lemma 6 the only other case to consider is when P2, say, 
contains a side of the rectangle. By Lemma 3 it does not contain BC or 
AD, so it must contain CD: By Lemma 4 $2 is vertical or horizontal. 
If $2 is vertical then it must lie on BC (or AD) and so by Lemma 5 $3 
is horizontal or vertical. If it is horizontal then either P1 or P2 is easily seen 
to be a rectangle (depending on whether P3 lies above or below $3), and 
we get the first dissection from Fig. 1. If it is vertical then P3 is either a 
translation or a reflection of P2 through a vertical axis plus a translation 
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and P2 is a rectangle (filling the space between 3CD2 and CD) or a reflec- 
tion through a horizontal axis (possibly followed by one through a vertical 
axis) so that P1 is a rectangle (filling the space between 3CD2 and AB) and 
we again get the first dissection. 
So suppose $2 is horizontal. If CD is not $2 then P2 is a rectangle 
and we get the first dissection; otherwise CD is $2 and then either P1 is a 
reflection of P2 through the perpendicular bisector of BC or a rotation of 
P2 through 180 ° about the centre of the rectangle. 
In the case of a reflection, P3 must be symmetric through the per- 
pendicular bisector of BC and $3 must have the perpendiculars from its 
endpoints at least partly in P3. By (3) $3 is vertical or horizontal or at 45 ° 
to the perpendicular bisector with an endpoint on it. If it is vertical then 
P3 is symmetric about the perpendicular bisector of $3 (which is also the 
perpendicular bisector of BC) and so by congruence P1 and P2 must be 
symmetric about the perpendicular bisector of AB. Then P3 must also be, 
so let EF be the reflection of $3. Then P1 is contained between AB and 
1EF3 and is clearly a rectangle, and we get the first dissection in Fig. 1. 
If $3 is horizontal then either P~ or P2 is a rectangle, and we again have 
the first dissection. 
Now suppose that $3 is at 45 °. Let GH be $3 with G lying on the per- 
pendicular bisector of BC, and assume G to the right of H. Let I be the 
reflection of H. Let J be the midpoint of BC and K be the midpoint of AD 
(see Fig. 7). Note that G is the only point of P3 which may be on BC, so 
J i s  in both Pa and P2. 1GI3 and 2GI3 must lie on the same one of AD and 
BC, so IBCI >>.2 IABI. By (3) and the reflection, P3 is contained in the 
square with sides GH and HI. If IBCI > 2 lAB] then 3Ja lies outside this 
square, which is impossible. 
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Thus IBCI =2 IABI. If A is 1G3 then 3J1 lies outside the rectangle. If 
instead B is 1G 3 then (since P3 is symmetric across JK) P1 is symmetric 
across BK. But then the part of P3 in the square ABJK is also symmetric 
across BK, so it is a right triangle (with hypotenuse GH); likewise the part 
in JKDC is a right triangle. But then P3 is a right triangle while P1 and P2 
are pentagons, contradicting congruence. 
Finally if P1 is a rotation of P2 then rotating the entire rectangle 
takes $3 to another side of length IS31 parallel to $3 which is also on the 
boundary of P3. Then P3 is a part of a rectangle and contains two opposite 
sides of that rectangle. Then so are e l  and P2, and they must in fact be 
rectangles. Then so must e3, so we get the first dissection again. 
The result has now been proved. 
Questions 1. Can this result be extended to other classes of 
quadrilaterals uch as parallelograms? In the most general form the 
question would be whether any quadrilateral may be dissected into three 
congruent pieces which are not quadrilaterals with angles equal to the 
original and in the same order (with allowance made for the possibility 
that the pieces degenerate into triangles), but this is in fact not true, with 
a counterexample given in Fig. 8. However, it might still be of interest o 
know whether it is true for convex quadrilaterals. 
2. Can the result be generalized to higher dimensions ? In particular, 
is it possible to dissect an n-dimensional cube into 2 ~-  1 congruent pieces 
which are not n-dimensional parallelopipeds ? 
APPENDIX: RIGOROUS STATEMENT OF CONDITIONS ON THE PIECES 
For motivation we consider what properties there would be if we were 
to use scissors to cut a rectangular piece of paper into three pieces. The 
following seem reasonable: 
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1. The pieces are pairwise disjoint. 
2. Each piece is contained in the closure of its interior. 
3. Each piece is connected and so is its interior. 
4. The union of the pieces is exactly the rectangle. 
If we now take the closures of the pieces and the rectangle, these proper- 
ties are still satisfied except hat statement i must be replaced by: 
1'. The interior of any piece is disjoint from the other two pieces. 
We may deduce the existence of incurves, and 
5. No curve is in all three pieces or in two pieces and the boundary 
of the rectangle, although single points may be. 
With these properties the argument in the main part of the paper may 
be rigorously carried out. 
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